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THE VALABREGA-VALLA MODULE OF MONOMIAL IDEALS
ABBAS NASROLLAH NEJAD AND ALI AKBAR YAZDAN POUR
Abstract. In this paper, we focus on the initial degree and the vanishing of the
Valabrega-Valla module of a pair of monomials ideals J ⊆ I in a polynomials ring
over a field K. We prove that the initial degree of this module is bounded above
by the maximum degree of a minimal generators of J . For edge ideals of graphs,
a complete characterization of the vanishing of the Valabrega-Valla module is
given. For higher degree ideals, we find classes which the Valabrega-Valla module
vanishes. For the case that J is the facet ideal of a clutter C and I is the defining
ideal of singular subscheme of J , the non-vanishing of this module is investigated
in terms of the combinatorics of C. Finally, we describe the defining ideal of the
Rees algebra of I/J provided that the Valabrega-Valla module is zero.
introduction
Let R be a commutative Noetherian ring and J ⊆ I ideals in R. The Valabrega-
Valla module of I with respect to J is the graded module
VVJ⊆I :=
⊕
t≥1
J ∩ I t
JI t−1
.
The Valabrega-Valla module appeared in [13], where its vanishing gives a criterion for
Cohen-Macaulayness of the associated graded ring of the m-primary ideal I provided
that J is a minimal reduction of I in the Cohen-Macaulay local ring (R,m). Later
the first author and A. Simis proved that, if I has a regular element modulo J , the
Valabrega-Valla module is the torsion of the Aluffi algebra [9, Proposition 2.5]. The
latter algebra is the algebraic version of characteristic cycles in intersection theory
in the hypersurface case, hence it is interesting for geometric purposes. Dealing
directly with the Valabrega-Valla module makes the structure of the Aluffi algebra
itself sort of invisible. By the structure of the Aluffi algebra, VVJ⊆I = {0} if and
only if the Aluffi algebra is isomorphic with the Rees algebra of I/J .
In geometric setting, the vanishing of the Valabrega-Valla module is crucial in the
intersection theory of regular and linear embedding. More precisely, let X
i→֒ Y j→֒
Z be closed embeddings of schemes with J ⊆ I ⊆ OZ , the ideal sheaves of Y and
X in Z, respectively. The embedding i is said to be linear if every (not necessarily
closed) point x ∈ X admits an affine neighborhood U such that the ideal IU/JU is of
linear type in OZ,U/JU . A regular embedding is defined similarly in terms of regular
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sequences. The result of [4, Theorem 9.2] can be translated to the fact that if i and
j are both regular embeddings, then for all sufficiently large t, every point x ∈ X
admits an affine neighborhood U such that VVJU⊆IU = {0}. More generally, it is
shown in [5, Theorem 1] that the same result holds as long as i is a linear embedding
and j is a regular embedding. Thus, under such strong hypothesis, if Z is a regular
scheme, the Valabrega-Valla module of X in Y , VVX →֒Y =
⊕
t≥1 J ∩ It/J It−1 is
zero locally on affine pieces. However, even when Y is a hypersurface embedded in
projective space Z = Pn, and X is its singular subscheme, the embedding X →֒ Y
may fail to be linear if Y is non-smooth. This was the main motivation in [9], where
a detailed analysis was carried assuming an affine situation, in terms of the relation
type number of I/J over R/J and the Artin-Rees number of J relative to I.
The vanishing of VVJ⊆I has close relation with the theory of I-standard base (in
the sense of Hironaka) which is an essential problem in the resolution of singularities.
Indeed, VVJ⊆I = {0} if and only if the tangent cone Spec(grI/J(R/J)) of Y in X
is isomorphic with Spec(grI(R)/J
∗), where J∗ is the form ideal generated by an
I-standard base of order one in grI(R) [13, Theorem 1.1].
The necessary and sufficient conditions for the vanishing of VVJ⊆I is given in terms
of the first syzygy module of the form ideal J∗ in the associated graded ring of I [8,
Theorem 1.2]. For the case that J is linear determinantal ideals (rational normal
scrolls and alike) or ideal of projective points and I stands for the Jacobian ideal of
J the vanishing problem of VVJ⊆I is studied in [10, 7].
In this paper, we focus on the problem of the vanishing of the Valabrega-Valla
module for a pair of monomial ideals. In the case that J is a edge ideal of a simple
graph and I is the Jacobian ideal of J , which is also a monomial ideal, the vanishing
of VVJ⊆I characterized combinatorially [10, Theorem 3.3]. The outline of the paper
is as follows.
In section 1, we describe the basic definitions and preliminaries which are used in
the sequel, including the Aluffi and Rees algebras, the Valabrega-Valla module, the
Artin-Rees number and the relation type number. As a basic fact, we realize that
the vanishing of VVJ⊆I = ⊕t≥1J ∩ I t/JI t−1 reduces to the equality J ∩ I t = JI t−1
for finitely many t.
Sections 2 and 3 are devoted to be the combinatorial core of this work. One
of the main theorem in section 2 states that if J ⊆ I are monomial ideals and
VVJ⊆I 6= {0}, then the initial degree of VVJ⊆I is bounded above by the maximum
degree of a minimal generators of J (Theorem 2.2). Then for the case that J ⊆ I
are edge ideals of graphs, in Proposition 2.5 we compute the indeg(VVJ⊆I) precisely
in terms of the combinatorics of the associated graphs. In the last part of this
section, we prove that if C is a complete d-partite d-uniform clutter and C′ is a
subclutter of C, then the corresponding Valabrega-Valla module of I(C′) ⊆ I(C) is
zero (Theorem 2.8).
In section 3, we introduce the Valabrega-Valla module of a single ideal J , which is
by definition the Valabrega-Valla module of the pair J ⊆ I, where I is the Jacobian
ideal of J . For the facet ideal J of a clutter C, we find a non-zero component of
THE VALABREGA-VALLA MODULE OF MONOMIAL IDEALS 3
the Valabrega-Valla module of J in terms of the combinatorics of C (Theorem 3.5).
This result is a generalization of one direction of [10, Theorem 3.3].
In the last section, we give a presentation for the Rees algebra of I/J when I is
the edge ideal of a graph or the facet ideal of a complete d-partite d-uniform clutter
and J is an appropriate ideal in I and VVJ⊆I = {0}. We close the paper by posing
some research problems related to this subject.
1. The vanishing of the Valabrega-Valla module
Let R be a Noetherian ring and J ⊆ I ideals of R. There is a natural surjective
R/J-algebra homomorphism from the Aluffi algebra AR/J(I/J) to the Rees algebra
RR/J (I/J)
AR/J(I/J) ≃
⊕
t≥0
I t/JI t−1 ։ RR/J (I/J) ≃
⊕
t≥0
I t/J ∩ I t. (1)
The kernel of this homomorphism is so called the Valabrega-Valla module of I
with respect to J and is denoted by VVJ⊆I . Indeed,
VVJ⊆I :=
⊕
t≥1
J ∩ I t
JI t−1
.
If I has a regular element modulo J , then VVJ⊆I is R/J-torsion of the Aluffi
algebra. We will see later that in order to check VVJ⊆I = {0} (i.e., J ∩ I t = JI t−1
for all t ≥ 1), it is enough to show that J ∩ I t = JI t−1 for finitely many t.
Given ideals J, I ⊂ R the Artin–Rees number AR(J, I) of J relative to I is the
integer
min{k ≥ 0: J ∩ I t = (J ∩ Ik)I t−k, ∀ t ≥ k}.
Let a be an ideal of a ring A. The Rees algebra of a is defined by RA(a) = A[at] ⊂
A[t]. Let a1, . . . , am be a minimal generating set for a. Consider the polynomial
ring A[T] = R[T1, . . . , Tm]. There is a natural surjective R-algebra homomorphism
ψ : R[T]→ RA(I) which sends Ti to ait. The kernel of ψ is called the defining ideal
of the Rees algebra of a. The relation type number rt(a) of a is the largest degree
of any minimal system of homogeneous generators of the kernel ψ. Note that this
notion is independent of the set of generators of a.
Assume that I/J has regular elements over R/J . By [9, Corollary 2.6], the module
of Valabrega-Valla is the zeroth local cohomology of AR/J(I/I) with respect to I/J .
In particular, there exists an integer d ≥ 0 such that Id(J ∩ I t) ⊆ JI t−1 for all
t ≥ 1. One of the possible such d is AR(J, I) − 1 and VVJ⊆I = {0} if and only if
AR(J, I) = 1 [9, Proposition 2.15].
Example 1.1. Let J ⊂ R = K[x1, . . . , xn], (n ≥ 3) denote the ideal generated by
all squarefree monomials in degree 2, i.e., J = (xixj : 1 ≤ i < j ≤ n). The ideal J
is the defining ideal of n coordinate points in Pn−1. The Jacobian matrix of J is of
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the form
Θ =


x2 x1 0 0 . . . 0
x3 0 x1 0 . . . 0
...
...
...
... . . .
...
xn 0 0 0 . . . x1
0
... Θ′
0


,
where Θ′ is the Jacobian matrix of the ideal J ′ = (xixj : 2 ≤ i < j ≤ n). By
induction on n, we show that the ideal of (n − 1)-minors of Θ is the (n − 1)th-
power of the irrelevant maximal ideal m = (x1, . . . , xn). For n = 3, clearly I2(Θ) =
(x1, x2, x3)
2. By induction hypothesis, In−2(Θ′) = mn−21 , where m1 = (x2, . . . , xn).
Thus (x2, . . . , xn)m
n−2
1 ⊂ In−1(Θ). Therefore by changing the role of x1 by xi and
using the argument as in Example 3.1(b) we may conclude that In−1(Θ) = mn−1.
Then Example 2.19 in [9] implies that AR(J, I) = 1 while the following discussion
shows that the relation type number of I/J is 2.
Note that the Jacobian ideal I = (J,mn−1) is generated minimally by J and
monomials xn−11 , . . . , x
n−1
n . Set a = (x
n−1
1 , . . . , x
n−1
n ). Let G be a simple graph which
consists of a complete graph on vertex set {T1, . . . , Tn} and each vertex Ti has (n−1)
whiskers x1, . . . , xˆi, . . . , xn. We claim that
RR/J (I/J) ≃ RR¯(a¯) ≃
R[T1, . . . , Tn]
(J, I(G))
,
where I(G) is the edge ideal of the graph G. Clearly, (J, I(G)) is included in the
defining ideal J of the Rees algebra of a¯. Conversely, let F (T1, . . . , Tn) ∈ J be
a homogeneous polynomial of degree r ≥ 1 and u = xα11 · · ·xαnn T β11 · · ·T βnn be
a monomial in the support of F . Since F (xn−11 , . . . , x
n−1
n ) ∈ J , it follows that
(xn1 )
α1+β1 · · · (xnn)αn+βn ∈ J and βk > 0 for some k. Hence there exist i < j such
that xixj | u(xn−11 , . . . , xn−1n ) and αi+ βi > 0, αj + βj > 0. If βi, βj > 0 or αi, βj > 0
or αj , βi > 0, then clearly u ∈ I(G). Otherwise, either i 6= k or j 6= k and xiTk | u
or xjTk | u. In both cases, we conclude that u ∈ I(G). Thus F ∈ I(G) and in
particular rt(I/J) = 2.
The vanishing of the Valabrega-Valla module has close relation with the Artin-
Rees number of J relative to I and the relation type number of I/J ⊆ R/J . We
will show that these numbers have relation with the initial degree of VVJ⊆I .
For a given graded ring A and a graded A-module 0 6= M = ⊕i∈NMi, the initial
degree of M is defined by
indeg(M) = min{i : Mi 6= 0}.
If J ∩ In = JIn−1 for all 1 ≤ n ≤ ℓ where ℓ is the Artin-Rees number of J relative
to I, then VVJ⊆I = {0} [9, Lemma 2.16]. Thus if VV 6= {0}, then
indeg(VVJ⊆I) ≤ AR(J, I) ≤ rt(I/J), (2)
where the last inequality comes from [11, Theorem 2].
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Let I be an ideal in the ring R. Recall that an ideal J ⊆ I is called a reduction
of I, if JIn = In+1, for sufficiently large n. For a reduction J of I, let
rJ(I) = min{t : JIn = In+1, for all n ≥ t}
be the reduction number of I relative to J . It is obvious from definition that
indeg(VVJ⊆I) ≤ rJ(I) provided that VVJ⊆I 6= {0}. Therefore, in the case that J ⊆ I
is a reduction of I and VVJ⊆I 6= {0}, one has
indeg(VVJ⊆I) ≤ min{AR(J, I), rJ(I)}.
Proposition 1.2. Let J ⊂ R = K[x] be a homogeneous ideal and r ≥ 1 be an
integer such that J ⊆ mr, where m = (x).
(a) If VVJ⊆mr = {0}, then indeg(J) = r.
(b) If J is generated by some forms of degree r, then VVJ⊆mr = {0}.
Proof. Since J ⊆ mr, it follows that r ≤ indeg(J). Let f ∈ J be a homogeneous
polynomial and t ≥ 1 be an integer such that rt ≥ deg(f). Then fxrt−deg(f)1 belongs
to J ∩mrt = Jmrt−r. Thus rt = deg(fxrt−deg(f)1 ) ≥ rt−r+indeg(J). This completes
the proof of (a). The statement (b) follows from [9, Example 2.19]. 
Example 1.3. Let R be a commutative Noetherian ring and J ⊆ I be ideals in R
such that VVJ⊆I 6= {0}.
(a) If q is an ideal in R such that qr ⊆ J ⊆ I ⊆ qs, for some r ≥ s ≥ 1, then
indeg(VVJ⊆I) ≤ ⌈r/s⌉. Because for all t ≥ ⌈r/s⌉, we have J ∩ I t = I t, hence
J ∩ I t = I t = I t−⌈r/s⌉I⌈r/s⌉ = I t−⌈r/s⌉(J ∩ I⌈r/s⌉),
for all t ≥ ⌈r/s⌉. Therefore, the Artin–Rees number of J realative to I is
bounded above by ⌈r/s⌉. The result follows from the fact that indeg(VVJ⊆I)
is bounded above by the Artin-Rees number.
(b) Let (R,m) be a local ring and J ⊆ I be ideals such that dim(R/J) = 0.
Then there exists an integer r ≥ 1 such that mr ⊆ J ⊆ I. It follows from (a)
that indeg(VVJ⊆I) ≤ r.
(c) There exists r ≥ 1 such that (√J)r ⊆ J ⊆ √J . Hence indeg(VVJ⊆√J) ≤ r,
by (a).
(d) Let J ⊆ I be ideals in a local ring (R,m) such that I is m-primary and R/J
is Cohen-Macaulay of dimension one. Then indeg(VVJ⊆I) ≤ e(R/J) by [11,
Lemma 6.3]. Here e(R/J) denotes the multiplicity of R/J .
2. The initial degree of the Valabrega-Valla module of monomial
ideals
Let J be a monomial ideal in the polynomial ring R = K[x]. Let G(J) denotes its
unique minimal set of generators, we define
t0(J) := max {deg(F ) : F ∈ G(J)} .
Let J ⊆ I be monomial ideals in R. In view of (2), we know that if VVJ⊆I 6= {0},
then there exists ℓ ≤ AR(J, I) ≤ rt(I/J) such that (VVJ⊆I)ℓ 6= {0}. In general
finding the Artin-Rees number or even an upper bound for this number is not easy
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even for monomial ideals. In the following, we show that if VVJ⊆I 6= {0}, then there
exists ℓ ≤ min{t0(J), AR(J, I)} such that (VVJ⊆I)ℓ 6= {0} (Theorem 2.2). To prove
this, we need the following easy lemma.
Lemma 2.1. Let m, g1, . . . , gs be polynomials in R such that m is a non-constant
polynomial dividing g1 · · · gs. Then there exist r ≤ s, a permutation σ of {1, . . . , r},
and non-constant polynomials u1, . . . , ur such that ui | gσ(i) and m = u1 · · ·ur.
Proof. We use induction on s to obtain the assertion. The statement is clear for
s = 1. Let s > 1 and the assertion holds for all polynomials m, g1, . . . , gs−1 with m a
nono-constant polynomial dividing g1 · · · gs−1. Let m, g1, . . . , gs be polynomials in R
such that m is a non-constant polynomial dividing g1 · · · gs and m = f1 · · · fk be the
decomposition of m into prime components. Without loss of generality, assume that
f1 | g1. Let u1 = gcd(m, g1) and M = m/gcd(m, g1). If M is a constant polynomial,
then we are done. Otherwise, M is a non-constant polynomial dividing g2 · · · gs. By
induction hypothesis, there exist r ≤ s, a permutation σ of {2, . . . , r}, and non-
constant polynomials u2, . . . ur such that ui | gσ(i) (i = 2, . . . , r) and M = u2 · · ·us.
Then the polynomials u1, . . . , ur satisfy the required properties. 
Theorem 2.2. Let J ⊆ I be monomial ideals in R = K[x]. If VVJ⊆I 6= {0}, then
indeg(VVJ⊆I) ≤ min{t0(J), AR(J, I)}.
Proof. Let s0 = indeg(VVJ⊆I). By virtue of (2), it is enough to show that s0 ≤ t0(J).
Clearly, JIs0−1 ⊆ J ∩ Is0. Hence there exists a generator g ∈ J ∩ Is0, such that
g /∈ JIs0−1. Let write g = g1 · · · gs0 with gi ∈ I.
Since g ∈ J , there exists a monomial m ∈ G(J) such that, m|g. We use the
Lemma 2.1 to obtain s ≤ s0, a permutation σ of {1, . . . , s}, and the monomials
u1, . . . , us such that ui | gσ(i) and m = u1 · · ·us. Without loss of generality, assume
that σ(i) = i for all i = 1, . . . , s. Then, s ≤ deg(m) ≤ t0(J), and g1 · · · gs ∈ J∩Is. If
g1 · · · gs ∈ JIs−1, then g = (g1 · · · gs) (gs+1 · · · gs0) ∈ JIs0−1 which contradicts with
our choice of g. Thus we have, J ∩ Is 6= JIs−1. The minimality of s0 implies that,
s0 ≤ s ≤ t0(J). This completes the proof. 
Let J ⊆ I be monomial ideals generated in degree 2. Then by virtue of Theo-
rem 2.2, we know that either VVJ⊆I = {0} or indeg(VVJ⊆I) = 2. In the following
we characterize those pair of ideals J ⊆ I such that VVJ⊆I = {0} in the case that
J and I are the edge ideals of some graphs. For this characterization, we need the
following definition.
Definition 2.3. Let G′ be a subgraph of G.
(i) the graph G′ is called almost C3-embedded subgraph of G if for all 3-cycle
i−j−k−i in G with {i, j} ∈ E(G′), either {i, k} ∈ E(G′) or {j, k} ∈ E(G′).
(ii) the graph G′ is called almost P3-embedded subgraph of G if for all 3-path
i′ − i− j − j′ in G with {i, j} ∈ E(G′) and {i′, j′} /∈ E(G), either
(a) {i′, i} ∈ E(G′), or
(b) {j′, j} ∈ E(G′), or
(c) {i′, j} ∈ E(G′) and {i, j′} ∈ E(G), or
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(d) {i, j′} ∈ E(G′) and {i′, j} ∈ E(G).
Example 2.4.
(i) Since the bipartite graph does not have any cycle of odd length, it follows
that every subgraph of a bipartite graph is almost C3-embedded subgraph.
(ii) If G is a complete graph or complete bipartite graph, then every subgraph
of G is almost P3-embedded subgraph.
(iii) Every subgraph of a complete bipartite graph is both almost C3-embedded
and almost P3-embedded subgraph.
Proposition 2.5. Let G′ be a subgraph of G, J = I(G′) and I = I(G).
(i) VVJ⊆I = {0} if and only if G′ is both almost C3-embedded and almost P3-
embedded subgraph of G.
(ii) If G = Kn is the complete graph on the vertex set [n] = {1, . . . , n}, then
VVJ⊆I = {0} if and only if for all {i, j} ∈ E(G′), NG′(i) ∪NG′(j) = [n].
(iii) If G is the complete bipartite graph, then VVJ⊆I = {0}.
Proof. By Theorem 2.2, VVJ⊆I = {0} if and only if J ∩I2 ⊆ JI. We know that J ∩I2
is generated by monomials lcm(xe,xe′xe′′) where e ∈ E(G′) and e′, e′′ ∈ E(G). If
e ∩ (e′ ∪ e′′) ⊆ e′ or e ∩ (e′ ∪ e′′) ⊆ e′′, then clearly lcm(xe,xe′xe′′) ∈ JI.
(i) Assume that VVJ⊆I = {0}. We show that G′ is both almost C3-embedded
and almost P3-embedded subgraph of G. Let i − j − k − i be a 3-cycle in G with
{i, j} ∈ E(G′) and {i, k}, {j, k} /∈ E(G′). Then xixjx2k = lcm(xixj , xixk xjxk) ∈
J ∩ I2 \ JI. This shows that G′ is a almost C3-embedded subgraph of G. Similarly,
let i′ − i− j − j′ be a 3-path in G with {i, j} ∈ E(G′) and {i′, j′} /∈ E(G). Then
xixjxi′xj′ = lcm(xixj , xixi′ xjxj′) ∈ J ∩ I2 ⊆ JI.
It follows that one of the conditions (a)-(d) of Definition 2.3(ii) satisfies.
Conversely, assume that G′ is both almost C3-embedded and almost P3-embedded
subgraph of G. By the above discussion, it is enough to show that lcm(xe,xe′xe′′) ∈
JI, for all e ∈ E(G′), e′, e′′ ∈ E(G) with |e ∩ e′| = |e ∩ e′′| = 1 and e ∩ e′ 6= e ∩ e′′.
Without loss of generality, assume that e = {i, j}, e′ = {i, i′} and e′′ = {j, j′}.
Then lcm(xe,xe′xe′′) = xixjxi′xj′. If i
′ = j′, then i − j − i′ − i is a 3-cycle in G
with {i, j} ∈ E(G′), so our assumption implies that lcm(xe,xe′xe′′) = xixjx2i′ ∈ JI.
Otherwise, i′ − i − j − j′ is a 3-path in G with {i, j} ∈ E(G′). If {i′, j′} ∈ E(G)
then clearly lcm(xe,xe′xe′′) = xixjxi′xj′ ∈ JI. Otherwise, by our assumption, one
of of the conditions (a)-(d) of Definition 2.3(ii) satisfies. This is equivalent to say
that lcm(xe,xe′xe′′) = xixjxi′xj′ ∈ JI. This completes the proof of (i).
(ii) In view of part (i), it is enough to show that the following statements are
equivalent:
(1) G′ is both almost C3-embedded and almost P3-embedded subgraph of Kn.
(2) for all {i, j} ∈ E(G′), NG′(i) ∪NG′(j) = [n].
If G′ is both almost C3-embedded and almost P3-embedded subgraph of Kn, {i, j} ∈
E(G′) and k ∈ [n], then i− j−k− i is a 3-cycle in Kn. So by our assumption, either
{i, k} ∈ E(G′) or {j, k} ∈ E(G′), i.e. k ∈ NG′(i) ∪NG′(j). Conversely, assume that
NG′(i) ∪ NG′(j) = [n], for all {i, j} ∈ E(G′). Let i − j − k − i be a 3-cycle in G
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with {i, j} ∈ E(G′). Then by our assumption, k ∈ NG′(i) ∪ NG′(j). It follows that
either {i, k} ∈ E(G′) or {j, k} ∈ E(G′). Hence G′ is almost C3-embedded subgraph
of G = Kn. Since G = Kn is a complete graph, it is obvious that G
′ is almost
P3-embedded subgraph of G. Thus (1) and (2) are equivalent.
(iii) By Example 2.4(iii), every subgraph of a complete bipartite graph is both
almost C3-embedded and almost P3-embedded subgraph. The result follows from
(i). 
Example 2.6. Let G = Kn be complete graph on the vertex set [n] and G
′ be a
subgraph of G that VVI(G′)⊆I(G) = {0}. Let χ be a minimal vertex coloring of G′ and
A1, . . . , Aχ(G′) be the class coloring of the vertex set of G
′, by which we mean Ai =
{u ∈ [n] : χ(u) = i}. Then by minimality of coloring, for all 1 ≤ k 6= k′ ≤ χ(G′),
there exist u ∈ Ak and v ∈ Ak′ such that {u, v} ∈ E(G′). Then Theorem 2.5(ii)
implies that u (respectively v) is adjacent to all vertices in Ak′ (respectively Ak).
This shows that G′ is a complete multipartite graph with A1 ∪ · · · ∪ Aχ(G′) = [n].
Conversely, if G′ is a complete multipartite graph whose the vertex set is [n], then
clearly N(u) ∪ N(v) = [n] for all {u, v} ∈ E(G′). Consequently, VVI(G′)⊆I(G) = {0}
if and only if G′ is a complete multipartite graph on the vertex set [n]. Otherwise,
indeg(VVI(G′)⊆I(G)) = 2 by Theorem 2.2.
In the following we find generalizations of Proposition 2.5(ii) and (iii) for a pair
of ideals generated in degree d > 2. To achieve this, we replace the graphs by more
general structure, called clutters.
Definition 2.7. Let [n] = {1, . . . , n}. A clutter C on vertex set [n] is a collection of
subsets of [n], called circuits of C, such that e1 * e2, for all e1 and e2 in C. We call
V (C) = ∪F∈CF the set of vertices of C. A d-circuit is a circuit consisting of exactly
d vertices and a clutter is d-uniform, if every circuit has exactly d vertices.
For a non-empty clutter C on vertex set [n], we define the ideal I(C), as follows:
I(C) = (xF : F ∈ C)
and we define I(∅) = 0. The ideal I (C) is called facet ideal of C. Here xF is
∏
i∈F xi.
Following [3], we say that a d-uniform clutter C is d-partite, if V (C) can be written
as the union of mutually disjoint subsets V1, . . . , Vd, such that each circuit of C meets
each Vi in exactly one vertex. If moreover, C contains all d-subsets of V (C) which
intersect each Vi in exactly one vertex, we say that C is complete d-partite clutter.
The partition {Vi : i ∈ [d]} as above is called a d-partition of C.
Theorem 2.8. Let C be a complete d-partite d-uniform clutter and C′ ⊆ C. Then
VVI(C′)⊆I(C) = {0}.
Proof. Let V1, . . . , Vd denote the d-partition of the vertices of C, J = I(C′) and
I = I(C). We have to show that J ∩ I t = JI t−1, for all t ≥ 2. Let F ∈ C′ and
F1, . . . , Ft ∈ C be d-subsets of [n] and put
A1 = F ∩ F1,
A2 = (F ∩ F2) \ A1,
...
At = (F ∩ Ft) \ (A1 ∪A2 ∪ · · · ∪At−1) .
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Then, lcm(xF ,xF1 · · ·xF1) = xF ·xF1\A1 · . . . ·xFt−1\At−1 ·xFt\At . It is enough to show
that xF1\A1 · . . . · xFt−1\At−1 · xFt\At ∈ I t−1. If 1 ≤ i, j, k ≤ t, 1 ≤ s ≤ d be positive
integers such that Fi∩Fj∩Vs 6= ∅ and Fi∩Fk∩Vs 6= ∅, then Fi∩Fj∩Vs = Fi∩Fk∩Vs,
because |G ∩ Vk| = 1 for all G ∈ C. Let
Ti = {t ∈ [d] : Vt ∩ Ai 6= ∅}, 1 ≤ i ≤ t,
B1 = Ft ∩
(
∪
s∈T1
Vs
)
,
Bi =
(
Ft \
(
i−1∪
r=1
Br
))
∩
(
∪
s∈Ti
Vs
)
, 2 ≤ i ≤ t.
We claim that
(a) Bi ∩ (Fi \ Ai) = ∅,
(b) Bi ⊆
(
Ft \
(
i−1∪
r=1
Br
))
\ At,
(c) |Bi| = |Ai|.
for all 1 ≤ i ≤ s.
Proof of the claim. (a) If y ∈ Bi∩Fi, then by definition, there exists s ∈ Ti
such that y ∈ Ft ∩ Vs. Hence Fi ∩ Ft ∩ Vs 6= ∅ and Ai ∩ Vs 6= ∅. It follows
that Ai ∩ Vs = Fi ∩ F ∩ Vs. Then by above discussion, y ∈ Fi ∩ Ft ∩ Vs =
Fi ∩ F ∩ Vs = Ai ∩ Vs. Thus y ∈ Ai.
(b) Let y ∈ Bi. If y /∈ F , then clearly y belongs to the right side. Otherwise,
choose s ∈ Ti such that y ∈ Ft ∩ Vs. Then F ∩Ft ∩ Vs 6= ∅ and Ai ∩ Vs 6= ∅.
It follows that ∅ 6= Ai ∩ Vs = F ∩ Fi ∩ Vs. Then by above discussion,
y ∈ F ∩ Ft ∩ Vs = F ∩ Fi ∩ Vs = Ai ∩ Vs. Thus y ∈ Ai. This completes the
proof of (b).
(c) It is easy to check that |Ti| = |A1|+ · · ·+ |Ai|, for all i = 1, . . . , t. Next,
we note that for all s ∈ Ti one has |Ft ∩ Vs| = 1 and that Ft ∩ Vs 6= Ft ∩ Vs′,
if s 6= s′ ∈ Ti. This shows that
|Ft ∩
(
∪
s∈Ti
Vs
)
| = |Ti| = |A1|+ · · ·+ |Ai|. (3)
In particular, |B1| = |A1|. Assume by induction that |Bj | = |Aj |, for all
j = 1, . . . , i. Then by (3) we have
|Bi| = |
(
Ft \
(
i−1∪
r=1
Br
))
∩
(
∪
s∈Ti
Vs
)
|
= |Ti| − |B1| − · · · − |Bi−1|
= |A1|+ · · ·+ |Ai| − |B1| − · · · − |Bi−1| = |Ai|.
Now we rewrite the lcm as follows
lcm(xF ,xF1 · · ·xFt) = xF · xF1\A1 · . . . · xFt−1\At−1 · xFt\At
= xF · x(F1\A1)∪B1 · . . . · x(Ft−1\At−1)∪Bt−1 · xFt\B1\···\Bt−1\At
The monomial in the right side belongs to JI t−1, by (a)–(c) above. 
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Let m[d] denotes the dth square-free power of the maximal ideal m = (x1, . . . , xn) in
K[x]. That is m[d] = (xF : F ⊆ [n], |F | = d). In the rest of this section, we consider
the pair J ⊆ m[d] and we characterize those ideals J ⊆ m[3] such that VVJ⊆m[3] = {0}.
Lemma 2.9. Let J be a square-free monomial ideal generated in degree d. If J ∩
(m[d])d = J(m[d])d−1, then for all xi1 · · ·xid ∈ G(J) and for all xG ∈ G(m[d−1]), there
exists 1 ≤ r ≤ d, such that xG∪{ir} ∈ J .
Proof. Assume that xi1 · · ·xid ∈ G(J) and xG ∈ G(m[d−1]) be monomials such that
the assertion is not true. Then, by our assumption, we have
xi1 · · ·xid ·(xG)d = lcm(xi1 · · ·xid , xi1xG ·xi2xG · . . .·xidxG) ∈ J∩(m[d])d = J(m[d])d−1.
Hence there exist ∅ 6= H ⊆ {i1, . . . , id} and H ′ ⊆ G such that |H ∪ H ′| = d
and xH∪H′ ∈ J . Since xG∪{ij} /∈ J , for all 1 ≤ j ≤ r, one has |H| > 1. Hence
|{i1, . . . , id} \H| < d− 1 and
x{i1,...,id}\H · xG\H′ · (xG)d−1 ∈ (m[d])d−1.
This is impossible by the definition of m[d]. 
Remark 1. Let J ⊆ K[x1, . . . , xn] be a square-free monomial ideal generated in
degree d and m = (x1, . . . , xn). If VVJ⊆m[d] = {0}, then by Lemma 2.9, for all
xi1 · · ·xid ∈ G(J) and for all (d − 1)-subset G ⊆ [n], there exists 1 ≤ r ≤ d, such
that xG∪{ir} ∈ J . Is the converse of this statement true?
In the following, we show that the converse is true in the case d = 3.
Proposition 2.10. Let J ⊆ K[x1, . . . , xn] be a square-free monomial ideal generated
in degree 3 and m = (x1, . . . , xn). Then the followings are equivalent:
(a) VVJ⊆m[3] = {0},
(b) for all xi1xi2xi3 ∈ G(J) and for all 2-subsets G ⊆ [n], either xG∪{i1} ∈ J or
xG∪{i2} ∈ J or xG∪{i3} ∈ J .
Proof. (a) → (b): This implication follows from more general case in Lemma 2.9.
(b) → (a): By virtue of Theorem 2.2, it is enough to show that J ∩ (m[3])t =
J(m[3])t−1, for t = 2, 3. Since J ⊆ m[3], we conclude that J(m[3])t−1 ⊆ J ∩ (m[3])t, for
all t. So it is enough to show the other inclusion. Note that J ∩ (m[3])t is generated
by lcm(xF ,xF1 · · ·xFt), where xF ∈ G(J) and F1, . . . , Ft are 3-subsets of [n].
Let F = {i1, i2, i3}, F1, . . . , Ft be 3-subsets of [n] such that xF ∈ G(J) and
u = lcm(xF ,xF1 · · ·xFt). If F ∩ (F1 ∪ · · · ∪ Ft) ⊆ Fi for some 1 ≤ i ≤ t, then
u = xF · xF1 · . . . · xFt
xFi
· xFi\F∩(F1∪···∪Ft) ∈ J(m[3])t−1.
So assume that F, F1, . . . , Ft do not satisfy in this condition. We consider the fol-
lowing cases:
Case 1. |F ∩ (F1 ∪ · · · ∪ Ft)| = 2.
Since F, F1, . . . , Ft do not satisfy in the above condition, without loss of
generality, we may assume that F ∩ F1 = {i1}, F ∩ F2 = {i2}. Then
u = xF · xF1\{i1} · xF2\{i2} · xF3 · . . . · xFt .
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By our assumption, there exists 1 ≤ k ≤ 3, such that x(F1\{i1})∪{ik} ∈ J . If
k ∈ {1, 2}, then
u = x(F1\{i1})∪{ik} · x(F2\{i2})∪{i3} · xF3 · . . . · xFt · xF\{i3,ik} ∈ J(m[3])
t−1
.
Otherwise, k = 3 and u = x(F1\{i1})∪{ik} · xF2 · . . . · xFt · xF\{i2,ik} ∈ J(m[3])
t−1
.
Case 2. t = 2 and |F ∩ (F1 ∪ F2)| = 3.
Again in this case, without loss of generality, we may assume that F ∩ F1 =
{i1, i2} and i3 ∈ F2. Then u = xF · xF1\{i1,i2} · xF2\{i3}. By our assumption,
there exists 1 ≤ k ≤ 3 such that x(F3\{i3})∪{ik} ∈ J . Consequently,
u = x(F3\{i3})∪{ik} · x(F1\{i1,i2})∪F\{ik} ∈ Jm[3].
Case 3. t = 3 and |F ∩ (F1 ∪ F2 ∪ F3)| = 3.
Using the assumption on F, F1, F2, F3 and by skipping the symmetric cases,
there are two possibilities to consider:
(1) F ∩ F1 = {i1, i2} and i3 ∈ F2.
In this case, an argument similar to case (2) yields the required result.
(2) F ∩ Fk = {ik}, for k = 1, 2, 3.
In this case, an argument similar to case (1) yields the required result.

3. The Valabrega-Valla module of an ideal
Let R = K[x1, . . . , xn] be the polynomial ring over a field K, J ⊆ R be a homo-
geneous ideal and I ⊆ R be the Jacobian ideal of J , by which we always mean the
ideal (J, Ir(Θ)) where r = ht(J) and Θ stands for the Jacobian matrix of a set of
generators of J . More precisely, if J = (f1, . . . , fs), then
Θ =


∂f1
∂x1
∂f1
∂x2
· · · ∂f1
∂xn
...
...
...
∂fs
∂x1
∂fs
∂x1
· · · ∂fs
∂xn

 .
Note that Ir(Θ) is independent from the choice of generators of J . In the following,
we consider the pair J ⊆ (J, Ir(Θ)) and we simply write VVJ instead of VVJ⊆(J,Ir(Θ)).
Example 3.1.
(a) Let X be a finite set of r points in the projective space Pn−1K over an alge-
braically closed field K. Denote by J the defining ideal of X. If VVJ 6= {0},
then indeg(VVJ) ≤ r [7, Proposition 1.3].
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(b) Let md be the dth-power of irrelevant maximal ideal of R. The Jacobian
matrix is of the form
Θ(md) =


dxd−11
(d− 1)xd−21 x2
... *
xd−1n
0
... Θ′
0


,
where Θ′ is the Jacobian matrix of ideal (x2, . . . , xn)d. We use induction on
n, to show that In(Θ) = m
n(d−1). Our induction hypothesis implies that,
In−1(Θ′) = (x2, . . . , xn)(n−1)(d−1). Changing the role of x1 by xi, we obtain
m
d−1(x1, . . . , xˆi, . . . , xn)(n−1)(d−1) ⊆ In(Θ),
for i = 1, . . . , n. Hence
In(Θ) ⊇ md−1(
n∑
i=1
(x1, . . . , xˆi, . . . , xn)
(n−1)(d−1). (4)
We claim that the latter ideal is equal tomn(d−1). Let xα11 · · ·xαnn ∈ G(mn(d−1)).
Then
∑
αi = n(d− 1). Hence there exists j such that αj ≤ d− 1. For k 6= j
we choose 0 ≤ βk ≤ αk such that αj +
∑
k 6=j βk = d− 1. Then we have
xα11 · · ·xαnn = (xαjj xβ11 · · · xˆj · · ·xβnn ) · (xα1−β11 · · · xˆj · · ·xαn−βnn ).
Note that
∑
k 6=j(αk − βk) = (n− 1)(d− 1). Hence xα11 · · ·xαnn belongs to the
right side of (4). Now from [9, Example 2.19], we conclude that VVmd = {0}.
Let J = I(C) be the facet ideal of the d-uniform clutter C. In the sequel, we give
a combinatorial criterion for which VVJ 6= {0} (Theorem 3.5). As a consequence we
recover [10, Theorem 3.3].
Definition 3.2. Let C be a d-uniform clutter on [n]. A (d − 1)-subset e ⊂ [n] is
called an submaximal circuit of C, if there exists F ∈ C, such that e ⊂ F . The set of
all submaximal circuits of C is denoted by SC(C). For e ∈ SC (C), the neighbourhood
of e, N (e), is defined as follows:
N (e) = {v ∈ [n] : {v} ∪ e ∈ C} .
Also, for e1, . . . , es ∈ SC (C), let N (e1, . . . , es) = ∪si=1N (ei).
Definition 3.3. Let C be a d-uniform clutter with vertex set [n]. A subset A ⊂ [n]
is called independent, if there is no circuit in C which is contained in A.
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Let C be a d-uniform clutter on vertex set [n]. For a subset A ⊂ [n], let ( A
d−1
)
denotes the set of all (d− 1)-subsets of A. Then we define:
α(A) := max
{
r : there exist e1, . . . , es ∈ SC (C) ∩
(
A
d− 1
)
such that |N (e1, . . . , es) | = r
}
.
Let M be an m× n matrix and 1 ≤ r ≤ min{m,n} be an integer. A transversal
of length r in M or an r-transversal of M is a collection of r entries of M with
different rows and columns. In other words, an r-transversal of M is the entries of
the main diagonal of an r × r sub-matrix of M after suitable changes of columns
and rows.
Lemma 3.4. Let C be a d-uniform clutter on vertex set [n] and J = I (C) its facet
ideal. Let r be a positive integer and Θ denotes the Jacobialn matrix of J . If
xβ1i1 · · ·xβmim ∈ Ir (Θ), then α ({i1, . . . , im}) ≥ r.
Proof. Let Ap×p be a square submatrix of Θ. We can see from the proof of [10,
Lemma 3.1] that det(A) = βu1 · · ·up, where u1, . . . , up is a p-transversal in A and
β ∈ K. In particular,
(det(A) : Ar×r is a square submatrix of Θ) ,
leads to a monomial generator for Ir(Θ) up to cancellation of scalar coefficient.
If xβ1i1 · · ·xβmim ∈ Ir (Θ), then there exists a square submatrix Ar×r of Θ such that
det(A) | xβ1i1 · · ·xβmim . By the above discussion, det(A) = βu1 · · ·ur where u1, . . . , ur
is an r-transversal in A and β ∈ K. Thus each uj is of the form xej , where
ej ∈ SC (C) ∩
({i1, . . . , im}
d− 1
)
,
for j = 1, . . . , r. Now, it is obvious that N (e1, . . . , er) ≥ r. This completes the
proof. 
Theorem 3.5. Let C be a d-uniform clutter on vertex set [n] and J = I (C) its facet
ideal. Let 1 < t ≤ d and r be positive integers and y1, . . . ym, (m ≥ d), be distinct
vertices of C, such that:
(i) F := {y1, . . . , yd} ∈ C;
(ii) For any (t − 1)-subset B of {y1 . . . , yt}, the set B ∪ {yt+1, . . . , ym} is inde-
pendent;
(iii) α (yt+1, . . . , ym) = r − 1.
Then J ∩ (J, Ir(Θ))t 6= J · (J, Ir(Θ))t−1. In particular under the above conditions,
(VVJ)t 6= {0}.
Proof. Let A := {yt+1, . . . , ym}. Since α(A) = r−1, there exist e1, . . . , es ∈ SC(C)∩(
A
d−1
)
, such that |N (e1, . . . , es) | = r − 1. Put
A1 := N (e1) ,
Ai := N (ei) \N (e1, . . . , ei−1) , for i > 1.
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and Ni := |Ai|. Then, Ai ∩ Aj = ∅ and without loss of generality, we may assume
that Ai 6= ∅. This implies that, the elements
xe1, . . . ,xe1︸ ︷︷ ︸
N1 times
, . . . ,xes, . . . ,xes︸ ︷︷ ︸
Ns times
form a (r − 1)-transversal in Θ.
Now, for i = 1, . . . , t, take the monomials gi ∈ S, as follows:
gi =
xF
xyi
· xN1e1 · · ·xNses .
We claim that g :=
∏t
i=1 gi ∈ J ∩ (J, Ir (Θ))t \ J (J, Ir (Θ))t−1.
By (i) it is clear that g ∈ J . Also, (ii) implies that, N (e1, . . . , es) ⊂ [n] \
{y1, . . . , yt}. In particular, the elements
xF
xyi
, xe1, . . . ,xe1︸ ︷︷ ︸
N1 times
, · · · , xes, . . . ,xes︸ ︷︷ ︸
Ns times
,
form an r-transversal in Θ. Hence gi ∈ Ir (Θ), for i = 1, . . . t. It remains to show
that g /∈ J · (J, Ir (Θ))t−1.
To show this, first note that
J · (J, Ir (Θ))t−1 = J t + J t−1 · Ir (Θ) + · · ·+ J · Ir (Θ)t−1 .
Being a monomial ideal, it suffices to show that g /∈ J t−j ·Ir (Θ)j, for j = 0, . . . , t−1.
Let us show that g /∈ J t. Otherwise, there exist F1, . . . , Ft ∈ C, such that
xF1 · · ·xFt | g. In particular Fi ⊆ supp(g) ⊆ {y1, . . . , ym}, for i = 1, . . . , t. In
this case, (ii) implies that Fi ⊇ {y1, . . . , yt} which means that xty1 · · ·xtyt | g. This is
impossible by our choice of g.
However, if j ≥ 1 and g ∈ J t−j · Ir (Θ)j, then there exists g′ ∈ G (Ir (Θ)) such
that g′ | g but xy1 · · ·xyt ∤ g′. It follows from (ii) that supp(g′) ⊆ A. But lemma 3.4
implies that α (supp(g′)) ≥ r which contradicts to (iii). This completes the proof.

As a direct consequence of Theorems 3.5, we may recover one direction of [10,
Theorem 3.3]. For being self contained, we write a slightly shorter proof for other
direction of [10, Theorem 3.3] as well.
Proposition 3.6 ([10, Theorem 3.3]). Let G be a graph and ht(I(G)) = r > 1.
Then the followings are equivalent:
(a) indeg(VVI(G)) = 2
(b) there are adjacent vertices x1, x2 and other vertices xi1 , . . . , xis, for some
integer s ≥ 1, such that
(1) both of the sets {x1, xi1 , . . . , xis} and {x2, xi1 , . . . , xis} are independent
in G.
(2) |N({xi1 , . . . , xis})| = r − 1.
Proof. Let J = I(G) be the edge ideal of G. We note that the ideal Ir(Θ) is a
monomial ideal, where Θ is the Jacobian matrix of J [10, Lemma 3.1].
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(a) → (b): Since indeg(VVI(G)) = 2, it follows that J ∩ (J, Ir(Θ))2 * J · (J, Ir(Θ)).
Pick a monomial g ∈ J ∩ (J, Ir(Θ))2 \ J · (J, Ir(Θ)). Then g = g1g2 where gi is a
monomial in (J, Ir(Θ)). If gi ∈ J for some i = 1, 2 then g = g1g2 ∈ J · (J, Ir(Θ)),
which is a contradiction. Hence gi ∈ Ir(Θ) \ J . However, g ∈ J which implies that
there are adjacent vertices x1, x2 in G such that x1x2 | g. Since gi /∈ J , we conclude,
without loss of generality, that xi | gi, for i = 1, 2. Write g1 = x1xαi1i1 · · ·x
αis
is and g2 =
x2x
βj1
j1
· · ·xβjtjt , where
∑
k αik =
∑
k βjk = r − 1. Then the sets A = {x1, xi1 , . . . , xis}
and B = {x2, xj1 , . . . , xjt} are independent, because gi /∈ J , for i = 1, 2. If x1 is
adjacent to some vertex in B\{x2} and simultaneously x2 is adjacent to some vertex
in A \ {x1}, then g ∈ J · (J, Ir(Θ)) which is a contradiction. Assume that x2 is not
adjacent to any vertex in A\{x1}. Then clearly the adjacent vertices x1, x2 together
with {xi1 , . . . , xis} satisfy in (1). Lemma 3.4 implies that N({xi1 , . . . , xis}) ≥ r− 1,
for x
αi1
i1
· · ·xαisis ∈ Ir−1(Θ) by [10, Lemma 3.2]. On the other hand, x
αi1
i1
· · ·xαisis ·
x
βj1
j1
· · ·xβjtjt /∈ Ir(Θ), this means that for any subset C of {xi1 , . . . , xis , xj1, . . . , xjt},
|N(C)| < r (c.f. [10, Lemma 3.2]). Thus N({xi1 , . . . , xis}) = r − 1, as required.
(b) → (a): This implication follows from Theorem 3.5 in special case d = 2. 
4. application: the rees algebra of I/J when VVJ⊆I = {0}
Let J ⊆ I ⊆ R be ideals in a Noetherian ring R. We have seen that VVJ⊆I = {0}
if and only if the Aluffi algebra of I/J is isomorphic with the corresponding Rees
algebra. By [9, Lemma 1.2], the Aluffi algebra has the following presentation:
AR/J(I/J) ≃ RR(I)
(J, J˜)RR(I)
, (5)
where J is in degree zero and J˜ is in degree one in RR(I). Then to describe the
defining ideal of the Rees algebra of I/J , we need just to find the defining ideal of
the Rees algebra of I. In this section, we find explicit equation for the defining ideal
of the Rees algebra of I/J when I is a monomial ideal in the ring R = K[x] and
VVJ⊆I = {0}.
Let I be a monomial ideal in a polynomial ring R and G(I) = {f1, . . . , fm}.
Denote by Is the set of all non-decreasing sequences of integers α = (i1, . . . , is) ⊆
{1, . . . , m}. Then fα = fi1 . . . fis is the corresponding product of monomials in I.
Let Tα = Ti1 · · ·Tis be the corresponding product of Ti in S = R[T1, . . . , Tm]. For
every α, β ∈ Is we consider the binomial
Tα,β =
fβ
gcd(fα, fβ)
Tα − fα
gcd(fα, fβ)
Tβ.
By a result in [12] on the defining ideal of the Rees algebra of a monomial ideal, we
have
RR(I) ≃ R[T1, · · · , Tm]
(I1(T.φ),
⋃∞
s=2 Ps)
,
where I1(T · φ) is the ideal generated by one minors of the product of matrix T =
[T1 T2 . . . Tm] by the first syzygy matrix φ of I and Ps = ({Tα,β : α, β ∈ Is}). Note
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that I1(T · φ) is the defining ideal of the symmetric algebra of I. Thus by (5), we
obtain the following presentation:
AR/J(I/J) ≃ R[T1, . . . , Tn](
J, J˜, I1(T · φ),
⋃∞
s=2 Ps
) .
Example 4.1. Let R = K[x1, . . . , xn] and I = md be the dth power of the irrelevant
maximal ideal of R ordered by lexicographic order with x1 > x2 > · · · > xn. Let
φ : R[T1, . . . , TN ]։ RR(I)
be the R-algebra homomorphism taking Ti to the ith monomial of degree d in
x1, . . . , xn in lexicographic order where N =
(
d+n−1
n−1
)
. The kernel of φ is the defining
ideal J of the Rees Algebra of md. Write m1, . . . , mr for the monomials of degree
d − 1 in x1, . . . , xn in lexicographic order where r =
(
d+n−2
n−1
)
. Let M be a matrix
of size n× r whose (i, j)th entry is the variable Tk such that φ(Tk) = ximj. Let X
be the variable matrix of size n× 1. Denote by Q = [X | M] the concatenation of
X and M. By [2, Theorem 4], we have J = I2(Q), the 2 × 2 minors of Q. Note
that generators of I2(Q) involving the variable column X is the defining ideal of the
symmetric algebra of I.
Now let J ⊆ md be an ideal generated by some d-forms in R. By Proposi-
tion 1.2(b), VVJ⊆md = {0} and
RR/J (md/J) ≃ R[T1, . . . , TN ]/(J, J˜, I2(Q)).
Let R be a standard graded ring with irrelevant maximal ideal m and I ⊂ R
an ideal, the special fiber of I is defined to be F(I) = grI(R) ⊗ R/m, where
grI(R) = RR(I)/IRR(I) =
⊕
i≥0 I
i/I i+1. In the case that R = K[x1, . . . , xn]
and I = (f1, . . . , fm) a homogeneous ideal, the special fiber F(I) is isomorphic to
K[f1, . . . , fm]. Then there is a homomorphism Ψ : K[T1, . . . , Tm]։ F(I) that maps
Ti to fi. Set H = kerΨ . The ideal I is called of fiber type if J = SJ1 + SH, where
J1 is the degree one homogeneous part of the defining ideal of the Rees algebra of
I and S = R[T1, . . . , Tm] = K[x1, . . . , xn, T1, . . . , Tm].
Let G be a simple graph on the vertex set [n] and I(G) the edge ideal of G.
Let w = {v0, v1, . . . , vr = v0} be an even closed walk in G and fi = xvi−1xvi . Since
f1f3 · · · fr−1 = f2f4 · · ·fr, it follows that the binomial Tw = T1T3 · · ·Tr−1−T2T4 · · ·Tr
belongs to the defining ideal of the K-algebra K[I(G)]. Set
P (G) = ({Tw : w is an even closed walk in G}) , and
P ′(G) = ({Tw : w is an even cycle in G}) .
Proposition 4.2. Let J ⊆ I be ideals in the ring R = K[x] such that I = I(G) is
the edge ideal of a simple graph G and VVJ⊆I = {0}. Then
RR/J (I/J) ≃ R[Te : e ∈ E(G)]
(J, J˜,J1, P (G))
.
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Moreover, if G is a bipartite graph, then
RR/J (I/J) ≃ R[Te : e ∈ E(G)]
(J, J˜,J1, P ′(G))
.
Proof. By [14, Theorem 3.1], the ideal I(G) is of fiber type and
RR(I) ≃ R[Te : e ∈ E(G)]/(J1, P (G)),
where J1 is the defining ideal of the symmetric algebra of I(G). Moreover, in the
case that G is a bipartite graph
RR(I) ≃ R[Te : e ∈ E(G)]/(J1, P ′(G)).
Therefore, by (5) and the fact that the Aluffi algebra is isomorphic with the Rees
algebra, we get the required presentations. 
Example 4.3. Let I = I(C6) + J , where J = (x7x9, x8x9). By Proposition 2.5,
VVJ⊆I = {0}. The defining ideal of the Rees algebra of I/J contains the form
T1T3T5 − T2T4T6 corresponding to the cycle C6 as a minimal generator by Proposi-
tion 4.2. Hence rt(I/J) = 3 while t0(J) = 2.
Notation 1. Let C to be a complete d-partite d-uniform clutter with the d-partition
{Vi : i ∈ [d]} and e ∈ C. Consider the ring homomorphism
φe : S = R[{Te′ : e 6= e′ ∈ C}]։ Se
that sends Te′ to
xe′
xe
. Set Je = ker φe. Moreover, for e 6= e′ ∈ C we fix a vertex
v(e, e′) ∈ e\e′ such that v(e, e′) and v(e′, e) lie in the same partition and by ve(j) we
mean the only vertex of e in the same partition as the vertex j. Finally we denote
the circuit of C obtained from e by replacing j instead of ve(j) by e(j).
Assume that j = v(e, e′) ∈ Vi. Then since j′ = v(e′, e) is in Vi ∩ e′ we have
j′ = ve′(j) and similarly j = ve(j′). In this case, e(j′) and e′(j) are the circuits
obtained from e and e′ respectively, by “swapping” those vertices of e and e′ which
lie in the i’th partition. For example, e(j′) = (e∪ {j′}) \ {ve(j′)} = (e∪ {j′}) \ {j}.
Proposition 4.4. Let C be complete d-partite d-uniform clutter on vertex set [n]
and C′ ⊆ C. Then
RR/I(C′)(I(C)/I(C′)) ≃ R [Te : e ∈ C]
(I(C′),A) + (Te : e ∈ C′) ,
where A is generated by the set of all binomials of the form Texi−xrTe(i) with e ∈ C,
i ∈ [n] \ e and r = ve(i) together with those of the form TeTe′ − Te(j′)Te′(j) where
j = v(e, e′) and j′ = v(e′, e), for e 6= e′ ∈ C with |e′ \ e| > 1. In particular, the
relation type number of I(C)/I(C′) is at most 2.
Proof. The assertion follows from Proposition 2.8 and [6, Theorem 4.2]. 
The above proposition can be applied to produce examples of a pair J ⊂ I such
that t0(J) > rt(I/J). We close this paper by posing the following questions.
Question 1. Find (if it is possible) a class of ideals J ⊆ I such that t0(J) <
AR(J, I).
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Question 2. Is Theorem 2.2 valid for the case that J ⊆ I are homogeneous ideals
in K[x]?
Question 3. Let J be a square-free monomial ideal generated in degree d. Char-
acterize when VVJ⊆m[d] = {0}? (c.f. Proposition 2.10).
Question 4. Is the converse of Theorem 3.5 true?
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